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Definition. Let X be a Tychonoff space. A family Z of closed subsets of X is said to be a regular normal base for X if Z is a base for the closed subsets of X, if each member of Z is a regular set (the closure of its interior) and if (i) Z is closed under finite unions and intersections; (i.e., Z is a ring)
(ii) if xEX, F a closed subset of X, x($:F, then there exists Z£Z such that xEZCX\F; If X is a compact metric space, then (ii) and (iii) will hold for Z if Z is a base for closed sets and is a ring.
Our result is the following Theorem. Let Xbea compact metric space and let <R be any countable ring of regular closed subsets of X. Then there is a regular normal base Z for X such that Z2 (ft.
We notice that the result may fail if (ft is not countable. Let Z+ denote the set of positive integers. Let 'S denote the set of all functions whose domains are subsets of Z+ and whose ranges are contained in I. (For convenience, we will also include the "function" \¡/ whose domain is empty.) If a is such a function then \a\ will denote the domain of a and #| a\ the number of elements in | a\ if it is finite. If a and ß are such that | a | C\ | ß | = 0, then by a\/ß we will mean the function whose domain is |a| W| ß\ and which is defined in the obvious manner. We will also identify points in P with functions in SF whose domains are Z+. If aE'S and §\a\ =n, we will write |a| is not admissible for B is countable. In particular, the set of a with f\oc\ =1 which are not admissible for B is countable.
We will now show that the lemma implies our theorem. Let (Kbea countable regular ring. By induction and the use of our lemma applied to X and the members of (R we may prove the existence of countable (ii) BC\Cevr\Q(ayß,s)=0.
We claim that the set of such ß is finite. This will show that the number of ß such that a\/ß is not admissible is countable. Suppose ß' ¥-ß is such that there exists 7' as in (i) such thatp' = a\/ß'\/y' satisfies (i) and (ii) above. We claim that Q/4HQ{4 = 0. This will clearly prove the result.
Suppose that qECfl^C^*. Assume that ß(k)>ß'(k). Then \ß(k)-qk\<e/4: and \ß'(k) -qk\ <e/A so that \ß(k) -ß'(k)\ <e/2. Let 5=ß(k)-ß'(k). Then 0<5<e/2.
Since a is admissible, there exists rEBC\Q(a, s)r\Csp. We claim that rEBnCep>i~\Q(a\/ß', s), in contradiction of (ii) above, thus proving the result. Certainly rEB. Furthermore, since rEQ(cc, s) and |r*-ß(k)\ <8=\ß(k)-ß'(k)\ we certainly have that rk>ß'(k) so that rEQ(a\/ß', s). Finally, to show that rECeP' we have to show that | r,-p¡ \ <e for j = 1, • • • , m. But ] r>-pyI <S and I Pi -Pl\ =1 Pi -Ii + 9i -Pi'\ < e/i + e/4 = e/2, so the result follows by the triangle inequality.
